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SUMMARY

Among modern strategies applied to cope with the problems of non-response, in
sample surveys, imputation is one of them. Imputation is the filling up method
of incomplete data by adapting the standard analytic model in statistics. The
purpose of the present work is to study the intelligible use of imputation meth-
ods in dealing with non-response at current occasion in two-occasion successive
(rotation) sampling. Chain-type regressions in ratio estimators have been pro-
posed for estimating the population mean at current occasion. Expressions for
optimum estimators and their mean square errors have been derived. To study
the effectiveness of the suggested imputation methods, performances of the pro-
posed estimators are compared in two different situations: with and without
non-response. Behaviors of the proposed estimators are demonstrated through
empirical studies.
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1 Introduction

There are many situations in agricultural, demographic and social surveys, where the sam-
pling units have to be observed a number of times at specified time intervals to estimate the
change in population parameters or to know their current estimates. Surveys, where units
spread over space and observations spread over time are defined in literatures as longitudinal
surveys. In such surveys practitioners are often concerned with measuring characteristics
of a population on several occasions to estimate the population means (or totals) of the
characteristics or to study a pattern of variation in these parameters over the different oc-
casions. For example, in an agricultural survey one may be interested in (%) estimating the
average amount of yield per acre of an important crop (say wheat) in current season, (i)
estimating the change in average amount of yield for a province (county) for two different
seasons, and (%) estimating both parameters from (i) and (4) simultaneously. Successive
(rotation) sampling provides a strong statistical tool for generating the reliable estimates of
population characteristics at different occasions. Theory of rotation (successive) sampling
appears to have started with the work of Jessen (1942), in which entire information collected
in the previous investigations (occasions) was used for estimation at the current occasion.
This theory was extended by Patterson (1950), Rao and Graham (1964), Gupta (1979) and
Das (1982), among others. Sen (1971) developed estimators for the population mean on the
current occasion using information on two auxiliary variates available on previous occasion.
Sen (1972, 73) extended his work for more than two auxiliary variates. In addition to the
information from previous occasion, Singh et al. (1991) and Singh and Singh (2001) used
information on an auxiliary variate available only on the current occasion for estimating the
current population mean in two-occasion successive sampling. Singh (2003) generalized his
estimation procedures for h-occasions successive sampling. In many situations, information
on an auxiliary variate may be readily available on the first as well as on the second occa-
sion, for example (i) total cultivated area in agricultural survey is known, (i7) number of
academic institutions with their intake capacity is well known in an educational survey and
(44) number of polluting industries is known in sample surveys on environment. Utilizing
the auxiliary information available on both the occasions, Feng and Zou (1997), Biradar
and Singh (2001), Singh (2005), Singh and Priyanka (2006, 2007 and 2008) have proposed
several chain-type ratio, difference and regression estimators for estimating the population
mean at the current (second) occasion in two-occasion successive sampling.

In sample survey, non-response is one of the major problems encountered by survey
statisticians. Longitudinal surveys are more prone to this problem than single-occasion
surveys. For example, in agricultural surveys, it might be possible that crop on certain
plots is destroyed due to some natural calamities or disease so that yield on these plots is
impossible to be measured. Such non-response (incompleteness) can have different patterns
and causes. It is well recognized by survey statisticians that, if the suitable information
about the nature of non-response in the population is unknown, the inference concerning
population parameters could be spoiled. Imputation is one of the many methods used to
minimize the negative effect of non-response in survey data. Imputation deals with the
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filling of missing item values in a data by artificial value. To deal with missing values
effectively, Sande (1979) and Kalton et al. (1981) suggested imputation methods that make
incomplete data sets structurally complete and its analysis simple. Kalton et al. (1982) and
Singh and Singh (1991) suggested useful imputation methods for surveys in which one uses
an estimation procedure based on complete data set and discards data for all those units
for which information is not available for at least one time stage. Imputation may also be
carried out with the aid of an auxiliary variate, if such is available. For example, Lee et al.
(1994, 1995) used the information on an available auxiliary variate for imputation purpose.
Later Singh and Horn (2002) suggested a compromised method of imputation. Further
utilizing auxiliary information Ahmed et al. (2006) and Singh (2009) suggested several new
imputation based methods to reduce the effect of non-response in sample surveys.

Motivated with the above arguments Singh et al. (2008) discussed some reliable imputa-
tion methods for the estimation of population mean at the current occasion in two-occasion
successive (rotation) sampling. Following the work of Singh et al. (2008), the objective of
the present work is to study the effect of non-response at current occasion in two-occasion
successive (rotation) sampling. It is assumed that all units in the sample respond at the
first occasion. Since, the units are responding at the first occasion, therefore they are fa-
miliar with the situations, hence they are expected to co-operate and will respond at the
current (second) occasion in the matched portions of the units. For example, in economic
surveys, the respondents who have co-operated at the first occasion and now they are well
acquainted with the pros and cons of the situations, they are supposed to co-operate at the
second occasion as well. At the current occasion a sample is drawn afresh from the remain-
ing units of the population, which has not been sampled at the previous occasion, so there is
a possibility of non-response in fresh sample at the current (second) occasion because they
are not familiar with the pros and cons of the situations. In the light of above discussions,
chain-type regression in ratio estimators, that use imputation are proposed for estimating
the population mean at the current (second) occasion in two occasions successive (rotation)
sampling. The performance of the proposed estimators is compared between two different
situations: with and without non-response and subsequent recommendation regarding the
choice of an appropriate imputation based estimation technique is made.

2 Notation and Proposed Estimators

Consider a finite population U = (Uy,Us,...,Uyx) of N units has been sampled over two
occasions. The character under study is denoted by z(y) on the first (second) occasion,
respectively. Let information on an auxiliary variable z, with the known population mean,
be available on both occasions. A simple random sample (without replacement) s, of n
units is drawn on the first occasion and it is assumed that we get complete response from
these units. A random sub-sample s,,, of m = n\ units is retained (matched) from s,, for
its use on the current (second) occasion and it is further assumed these matched units are
completely responding at current occasion as well. A fresh simple random sample (without
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replacement) s,, of u = (n —m) = nA units is drawn on the current (second) occasion from
the non-sampled units of the population so that the sample size on the current occasion
remains n. We assume that non-response occurs in the fresh sample drawn at the current
occasion. Let the number of responding units out of sampled u units, which are drawn
afresh at current occasion, be denoted by r, the set of responding units in s, by R,, and
that of non-responding units by RS . A and g (A + p = 1) are the fractions of the matched
and fresh sample, respectively, at current occasion. For every unit ¢ € R, the value y; is
observed, but for the units i € RS the y; values are missing and instead imputed values are
derived. The following notations have been considered in this work:

X,Y,Z : Population mean of x, y and z respectively
Ty Ty Yms Zus Zns 2m - Sample means of the respective variables of the of the
sample sizes shown in suffices
Yr, Zr - Response means of y and z respectively
Pyz> Pyz, Pz= - Correlation coefficient between the variables shown in suffices
S2=(N-1)""! Zf\il(xz — X)? : Population mean square of x
Sz,S2 : Population mean square of y, z respectively
f1(= %) : The fraction of respondents in the sample of size u
t = (1 — f1) : The fraction of non-respondents in the sample of size u
To estimate the population mean Y on the current (second) occasion, two different
sets of estimators are considered. Ome set of estimators T, = {Ti4, Tou, T3, } based on
sample s, of size u(= nu) drawn afresh on the second occasion and the second set of
estimators T, = {T1m, Tom } based on the sample s,, of size m(= nA ) common with both
the occasions. Estimators T4, 15, and T3, of the set T, are structured to cope up with
the problems of non-response at the current occasion. The missing values are replaced by
calibrate imputed values using the ratio and regression methods of imputation. Following

three different imputation techniques for imputing the missing values at current occasion
have been considered:

ifi € Ry,

i =Y ] 2.1
oo Gr b [ME=E) 4o 5] ifieRS, 21
where
- sy(r) o (1) = 1 . V(s — 2| and s2(r) — 1 " .
= )= g | e 5] ) = 5 3]

i=1 i=1

The point estimator of Y based on the imputation technique given in equation (2.1) is

Tlu:izy.i:i[zy.i+zy.i:|a

1€Sy ieR,, ieR¢
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which results in Ty, = ¥, + 131(2 - Z).

i ifi € Ry,
(@)  ya Y  u(Fen) o (2.2)
§T+b2[u7r’“—|—zi—27.] lf’LERZ
where
by = 5y=(1) and s%(u) = L i(z — 2,)?
2 s2(u) i u—1[% e

The point estimator of Y based on the imputation technique given in equation (2.2) is
derived as Ty, = g + b2(Z — 2,.).

Z o
(£ ifi e R
(ii1)  yi= ZM@) “ (2.3)
5(£z) ifieR;
where ¢ = %ZE#Z = 9, /Z,. The point estimator of Y based on the imputation technique
i€ Rqy Tt

given in equation (2.3) is obtained as T3, = (¥,/%,)Z.

Estimators T3, and T5,, of the set T, are structured to estimate the population mean,
utilizing the information on an auxiliary character z and the information available from the
previous occasion as well. The estimators T3, and T5,,, which are based on the matched
sample s,, are defined as:

Tvm = (U /T3) Ty, and Tom = () /7,) T, (2.4)

where 7, = G + by (M)(Z — Zn), Ty = T + b (M) (Z = 2), Tf = Ty + by (M) (Z — 2,)
and §5F = G, + bye (M) (T, — Ti), and by, (m), by (M), by.(n) and by, (m) are the sample
regression coeflicients between the variables shown in suffices and based on the sample sizes
shown in braces.

Considering the convex linear combination of the estimators of sets T;, and T}, we have
the following sequence of estimators of population mean Y at second (current) occasion:

Tij = ¢ijTiu + (1 = ©ij)Tjm, (2.5)

where ¢;;(i = 1,2,3;j = 1,2) are the unknown constants to be determined under certain
criterion.

Remark 1. For estimating the mean on each occasion the estimator T;, (i = 1,2,3) is
suitable, which implies that more belief on T;, (i = 1,2,3) could be shown by choosing
vi; (1 =1,2,3;5 =1,2) as 1 (or close to 1), while for estimating the change from one
occasion to the next, the estimator T}, (j = 1,2) could be more useful so ¢;; (i =
1,2,3;7 = 1,2) might be chosen as 0 (or close to 0). For asserting both the problems
simultaneously, the suitable (optimum) choice of ¢;; (i =1,2,3;5 = 1,2) is required.
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3 Properties of the Estimators

Since, T;, (i = 1,2,3) are simple linear regression, ratio or chain-type ratio and regression
estimators, they are biased for population mean Y. Therefore, the resulting sequence of
estimators Tj; (¢ =1,2,3;5 = 1,2) defined in equation is also biased estimator of Y. The
bias B(.) and mean square error M (.) up-to the first order of approximations of T;; (i =
1,2,3;j = 1,2) are derived using large sample approximations given below:

gr=0+e)Y, Jm=04e)Y, ZTpn=>10+e3)X,Zp,=1+e)X, z.=(1+es5)Z,
Zm = (1+es)Z, zZn=(1+4er)Z, s,.(r)= (14 es)Sys,sy:(m) = (1+e9)Sy:,

Szz(m) = (14 €10)Szz, Sz=(n) = (1 +e11)52z, Syz(m) = (1 + €12)Sya,

s3(r) = (1+e13)S82, si(m)=(1+ew)S, si(n)=(1+e5)S2, si(m)=(1+ew)Ss,
s2(u) = (1 +e17)S2; such that FE(e;)) =0 and |e;| <1V i =1,...,17.

Under the above transformations we obtain

Tiw = (1+e1)Y —(es5+eses —ese13)Byz

Tow = (1+e1)Y —(e5+eses — ese1r)By.Z

T3 = (1+e;—e5—eres+ed)Y

Tim = {(1 + €)Y — (e + ese9 — 66614)ﬁyz2}{(1 +e4) — (€7 + ere1n — ereqs) (3.1)
%Z} [1 + {es — (eg + ese10 — 66614)6)%2 2]71

N

Tom = (1+4e2—eg—ezeg+ €)Y + (es — 3 + ese12 — €3e12 — 4616

+ese1s — eaes + €366)Bya X
Thus, we have the following theorems:

Theorem 1. Bias of the sequence of estimators T;; (i =1,2,3;j = 1,2) to the first order
of approximations is obtained as

B(Tij) = ¢ij B(T;;) + (1 — ¢i;)B(Ty;); (i = 1,2,3; 5 = 1,2), (3.2)

1 1 Q0110003 Q12 (1 1 Q11003 1 1

-—=|l— ), Blaw=(-——"%){—— - |-—%

r N Qo2 002 u N Qo2 r N

1 1 Y ap11

S L, - S01L

r N)\ 227 7

1 1) emans aonz) (1 _1\Y

m N ados Q002 m n)X

{(Ouoo _ 04110> n @101 <04011 _ o1 + 102 04003>}
X Y ago2 \ Y X Q101 Qo2

1 1 Y ap11 1 1\ [a1100101 , @1100300 Q210
B(To) = [ — — — ) [ 2 agen — UL L L) (e B ’
(Tom) (m N) (22 @002 = 7= )\ T Zago + oo Q200
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where oot = El(x — X)"(y — Y)*(2 — 2)!]; (r, s, t are positive integers)
Proof. The bias of the sequence of estimators T;; (i =1,2,3;5 = 1,2) is given by
B(Tij) = i E(Tiu = Y) + (1 = i) E(Tjm — Y')
=i B(Tiu) + (1 — 0ij) B(Tjm), (3.3)

where B(T;,) = E(Ti, —Y) and B(Tjm) = E(Tjm —Y). Substituting the values of T, (i =
1,2,3), Tjm (j = 1,2) from equations (3.1) in the equation (3.3) and taking expectations
up to o(n™'), we have the expression for the bias of the sequence of estimators Tj; (i =
1,2,3;5 = 1,2) as described in equation (3.6). O

Theorem 2. Mean square error of sequence of estimators T;; (i =1,2,3;5 = 1,2) to the
first order of approximations is obtained as

M(Ti;) = @5, M(Ti) + (1 = 93 ) > M (Tjm) + 2035 (1 = 03)C(Ti, Tjm); (i =1,2,3;5 =1,2)

(3.4)
where M(TZJ) = E(ﬂ] - Y)Q, C(Tij,Ti/j/) = E(TZ - Y)(Ti/j/ - Y), ) 7£ ’i/ and
1 1 9\ o2
1 1 9\ o2
1 1
1 1 1 1
0 = (= 3 )80 (53 ) 0 2000 e+ 20| 5
1 1 1 1
M(T2m) = |:<m - N)2(1 - pyz) + (m - E (2pwzpy:r - pil’):| S;
S2 2\ o2 S; 2\ @2
C(TluaTlm) - _Wy(l - pyz)Sy7 C(TIU)TQM) - _Wy(l - yz)Sy
S2 S2
C(Tau, Tim) = =31 = p3.)S), C(Tau, Tom = =7 (1= 0}1.) Sy
52 2 2 52 2

Proof. Tt is obvious that mean square errors of the sequence of estimators T;; (i =1,2,3;j =
1,2) is given by
M(Ty;) = Elij(Tiw = Y) + (1 — 9i) (Tjm — Y)]?
= 0} M(Ti) + (1 = 0i;)* M (Tjm) + 2055 (1 — i) E[(Tis = Y ) (Tjm — V). (3.8

~—

Using the expressions given in equation (3.1) and taking expectations up to o(n=1), we
have the expression of mean square error of the sequence of estimators T;; (i =1,2,3;5 =
1,2) given in equation (3.4).

O
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Remark 2. From equations (3.5) and (3.6) it follows that up to the first order of approxi-
mation, the mean square error of the estimators 77, and Ty, are equal, subsequently, the
mean square errors of the estimators Tj; and T; (4,5 = 1,2) are also equal.

3.1 Minimum Mean Square Error of the Sequence of Estimators

Since, mean square error of T;; (¢ = 1,2,3;j = 1,2) in equation (3.4) is a function of
unknown constant ¢;; (i = 1,2,3;j = 1,2), therefore, it is minimized with respect to ¢;;
and subsequently the optimum values of ¢;; (i =1,2,3;j = 1,2) is obtained as

M(Tj) — C(Ti, Timm) , ,
. = M = 1 2 : = 1 2 .
Pijopt M(Tm)JrM(ij)72C(Tm,ij)’(Z 237 =12) (3.9

Now substituting the value of @;; opt (4,7 = 1,2) in equation (3.4), we get the optimum
mean square error of T;; as

M (T )M (Tj) — C(Tiw, Tjm)? (1=1,2,3]=1,2). (3.10)

Miadert = 37070,) + M(Tym) — 20(Tons Tym)

Further substituting the values of M (T},), M (T}m) and C(Tiy, Tjm) (i =1,2,3;j = 1,2)
the simplified values of M (T;;)opt (1 =1,2,3;j = 1,2) are shown below:

%2 * 2
_ — [ HiiAwta] Aot+As | Sy
M(Tll)opt = M(T21)Opt - { pitAr+pt As+ AL | n
%2 - 2
N _ [ piZAs+piAlat Az | Sy
M<T12)opt - M(TQQ)OPt - |: wiz Az +pf A tAr | n (3 1]_)
M(T ) _ pit Aro+ps, A1s+Ars is
31)opt pitArr+ps, Aie+Az | n
%2 * 2
) _ [ pi2Asutpl, Ass+Asn | Sy
M(Ts2)opt = |:H§SA20+,LL§2A21+A2 no

where Ay = (1 - p7.), A2 = 2(1 — py2), Az = 1= 2pys — P2, + 2pupyzs Ad = 2puzpys —
Pops As = A1 — Ay, Ag = (1 —1)A1, A7 = f1As, As = (1— f) AT, Ag = A1 Az — f A1 Ag, Ay =
—fA1A7, A = f1(As+ fAs) — Ay, A = fi(As—fAs), A1z = (1— f)A1 Az, Ary = Ay (A +
fA2) — ffiA1(A2 + fA5), A1s = —fA1A12,A16 = f1(A1 + fAs) — Az, A1r = fi(As —
[As5), A1g = As A+ fAI{As— f1(As+ fA5)}, Ao = fi(fA1A5—AaA3z), Agg = f1 A4, Ao1 =
(fi = 1)Az, Agy = (1 — f)A3, Apz = Ax(Ay — fA21), Asa = —fA2Az, f = % and pj; (i =
1,3;j = 1,2) are fractions of fresh sample at the current (second) occasion for the estimators
Ty (i=1,3j=1,2).

3.2 Optimum Replacement Policy

To determine the optimum values of 1f; (i = 1,3;j = 1,2) (fraction of samples to be taken
afresh at second occasion) so that population mean Y may be estimated with the maximum
precision, we minimize mean square errors of T;; (i = 1,3;j = 1,2) given in equations
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(3.11) respectively with respect to (i = 1,3;j = 1,2). This yields quadratic equations in
pi; (i =1,3;5 =1,2), and respective solutions of uj; say i, (i =1,3;j = 1,2) are given
below:
; —Q2t/Q2—
Quuit+2Quui + Qs =0 = fij; = —2VE

1
7 —QsEV/QE-QuQ
Qupi3 +2Qs5p3, + Qs =0 = A, = TM
—Qs£y/Q3-Q1Qy

Qruil +2Qsp5 + Qo =0 = 5 = o
* * ~x —Q11E4/ 2 —Q11Q1
Quops3 +2Quuisy + Q2 =0 = jijy =~ gllé e
where Q1 = AgAig — A7Ag, Q1 = A1A1g — A7A8,Q3 = A1Ag — AAs, Qs = A1 Ars —
A12A14,Qs5 = A1 A1s—A12413, Qs = A1 A1y — A1 A1z, Q7 = A1 A19—A17A18, Qs = Az Ajg—
A13A17,Q9 = AgA1s — A13A16, Q10 = A1 Aoy — AA2z, Q11 = AzAay — AzgA22, Q12 =
AgAgz — A1 Asa.
From equations (3.12) it is obvious that real values of fif; (i = 1,3;j = 1,2) exist iff,
the quantities under square roots are greater than or equal to zero. For any combination

(3.12)

of correlations py., pg. and p,., which satisfy the conditions of real solutions; two real
values of fij; (i = 1,3;j = 1,2) are possible. Hence, while choosing the values of fij;, it
should be remembered that 0 < fif; < 1. All the other values of ij; (i =1,3;j = 1,2) are
inadmissible. Substituting the admissible values of fi7; say u:j(o) (i=1,3;7=1,2) from
equations (3.12) into equations (3.11) respectively, we have the optimum values of mean
square errors of T;; (i =1,3;j = 1,2), which are shown below:

% 410 + uitV Ag + Ag] S
1] = [ B 10 )5

102 445 + uiéO)Am + A13} 55
12 A7+ O Ag + Ay

Hi2
) M(Tloz)opt = [ " * —
n pis? Ay + i A+ Ayl n

MO pst " Arg + " Aus + A1s] 55 MTOY . — pss Aoy + 155" Ass + Ans] 55
( 31)0pt - (0 ) ( 32)opt - %(0)2 n

a2 Arr + s A + Ag | 1 1 Ao + 5 Aoy + As

4 Comparisons and Conclusions

The percent relative loss in efficiencies of the estimators T;; (i = 1,3;j = 1, 2) with respect
to the estimators for the similar circumstances but under the complete response case (with
no missing data) have been obtained to study the effect of non-response on the precision of
estimates under two-occasion successive sampling. Estimators 7; (k,j = 1,2) are defined
under the same circumstances as the estimators T;; (i = 1,3;7 = 1,2), but in the absence
of non-response and shown as

Thj = YrjThu + (L — Vi) Tims (k,J = 1,2)

where 71, = §u + by (u)(Z — 2,), T2 = 227 and Ty, (j = 1,2) are defined in equations

(2.4). ¥; (k,j=1,2) are unknown constants to be determined by the minimization of the
mean square errors of 7; (k,j = 1,2). Following the methods discussed in sections 4 and
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5, the optimum mean square error of 7,; (k,j = 1,2) are given by

0 _ By + i) By Sy 0 _ Bu+ p Bio + i3 Bo ] 55
M(riy)ope = Br | =gz~ = f| = M(T1z)opt | = (0) 025 | n
B + H11 B, n B + Hio B7 + 12 Bg n

(0)

B + 1y Biz + Ng)QBlg} Sj
Bs + psy Bia + /«Lg(i)QBm

Bs + py) Ba Sy
M| Byt pli )5

M(ng)opt = B3 [
B3 + psy "By

n n

and optimum values of ,ugg) (i,j = 1,2) are given by

0y _ —By; + B% + B1 B3 0y _ —P + P22 — P P3
Hir = B, Hig =

1
) —P5 + P52 — Py Py o —B3 + \/B% + B3By
Moy = Hag =

P4 BS

where By =1 — pf/z, By =1—2py, — p2, + 2p22pyz, Bs = 2(1 — py2), Ba = 2p22pys — pfﬂ,
Bs = By — B3, B¢ = B3 + [Bs, By = —(1 — f)Bs, Bs = By — fBs, By = —fB1DBs,
Byg = (Bs— f?Bs)B1, Bi1 = (1—f)B1Bs, Biz = f*B1Bs+ByB3, Bis = f(fB1Bs—B2Bs),
By = (14 f)Bs, Bis = By — fBs, P = ByBg — BgBio, P» = B1By — BgBy1, P3 =
B1Byg — BrB11, Py = B14B13 — B12B15, Ps = B3B13 — B11B15, s = B3B12 — B11B14 and
F=4%
Remark 3. To compare the performance of the estimators T;; (¢ = 1,3;5 = 1,2) and
Tr; (k,j = 1,2), we introduce an assumption p,, = p,,, which is an intuitive assumption,
considered, for example by Cochran (1977) and Feng and Zou (1997).

The percent relative losses in precision of T;; (i = 1, 3; j = 1, 2) with respect to 74, (k,
j =1, 2) under their respective optimality conditions are given by

M(Tlol)opt - M(Ti)l)opt
M(Tlol)om M(T&)om
M (T3, )opt — M(73,) M(T3))opt — M(755)
31/opt 21/opt x 100, and Ly = 32/opt 22 /opt
M(T??l)ozit M(T??2)opt

L, = M (T13)opt — M (1) opt

x 100, Ly = x 100

Ly =

x 100.

For N = 5000, n = 500 and different choices of p,, and p, ., Tables 1-4 give the optimum
values of u,(cg.) (k,j = 1,2), u;-(o) (i = 1,3;5 = 1,2) and percent relative loss L; (i =
1,2,3,4) in precision of T;; (i = 1,3;j = 1,2) with respect to 7; (k,j = 1,2).

The following conclusions can be read out from Tables 1-4:

From Table 1 it is clear that:

a) For the fixed value of p,, and p,, the value of Ly increases with the increasing values
Py Py
of t whereas no definite patterns are visible in uﬁo). This phenomenon is obvious since,
the higher the non-response rate, the higher the loss in precision occurs.
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(b) For the fixed value of t and p,,, the loss in precision L, decreases with increasing
values of p,, but the values of are increasing for some choices of p,. and decreasing
for few choices of p,.. This behavior is highly desirable, since, it concludes that if
highly correlated auxiliary character is available it pays in terms of enhance precision
of estimates.

From Table 2 it is observed that:

(a) For the fixed values of p,, and p,. the values of M;go) and Lo increase with the

increasing values of t which shows that the higher the non-response rate, the larger
fresh sample is required at current occasion.

(b) For the fixed values of t and p,,, no definite trends are seen in the values of /ﬁgo) but
the values of Ly increases with the increase in the values of p,..

From Table 3 it can be seen that:

(a) For the fixed values of p,, and p,, the values of the behavior of u§§°) and Lg are same

as that of Table 1 when the value of t is increased.

(b) For the fixed values of t and p,, the values of uzgo) and L3 decreases with the increasing

value of p,.. This phenomenon indicates that if the correlation between the study
character and the auxiliary character is high it not only enhances the precision of
estimates but also reduces the cost of survey.

From Table 4 it is observed that:

(a) For the fixed values of p,, and p,. the patterns of u;g‘” and L, are similar as Table 1

when the value of t is increased.

(b) For the fixed values of t and p,, the values of ,uggo) and L4 decreases with the increasing

values of p,. which is highly desirable.
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Table 1: Percent relative loss Ly in precision of 171 with respect to 711

Pus 0.3 0.5 0.7 0.9
tpye | oY | | L |l | ] L | e e | b | e | I
01| 03| 044 | 057 | 620|042 | 051 | 597 | 037 | 043 | 574 | 0.27 | 0.29 | 5.9
05| - * | 046 | 065 655|041 | 049 | 593|030 | 033 | 555
0.7 | 055 | 042 | 4.95 | 052 | 028 | 432|048 | 0.81 | 7.34 | 0.36 | 040 | 5.69
0.9 | 0.68 | 0.65| 561|066 | 062 555|061 | 056 | 541 | - * -
02| 03| 044 | 072 | 13.96 | 0.42 | 0.61 | 13.05 | 0.37 | 049 | 12.22 | 0.27 | 0.32 | 11.43
05| - * | 046 | 087 | 1538 | 041 | 059 | 12.80 | 0.30 | 0.37 | 11.61
0.7 | 055 | 027 | 845|052 | 0.00| 58| - * - 036 | 046 | 12.04
0.9 | 0.68 | 0.61 | 10.84 | 0.66 | 0.57 | 10.68 | 0.61 | 0.49 | 1021 | - * -
03| 03] 044 | 0.89 | 2352 | 042 | 0.73 | 21.42 | 0.37 | 0.56 | 1957 | 0.27 | 0.35 | 17.91
05| - * - * | 041 | 070 | 21.08 | 0.30 | 0.41 | 18.28
0.7 | 0.55 | 0.08 | 1026 | - * i * | 036 | 052 | 19.18
0.9 | 0.68 | 0.56 | 15.66 | 0.66 | 0.52 | 1532 | 0.61 | 0.41 | 1429 | - * ;
04| 03] - * - | 042 | 088 | 3134 | 037 | 065 |27.95 | 027 | 039 | 25.04
05| - * - * | 041 | 0.84 | 3070 | 0.30 | 0.46 | 25.68
07| - * - * N * - | 036 | 059 | 27.26
0.9 | 0.68 | 0.50 | 19.99 | 0.66 | 0.45 | 19.40 | 0.61 | 0.31 | 17.56 | - * -
05| 03] - * - * | 037 | 077 | 37.64 | 0.27 | 0.44 | 33.00
05| - * - * N * - 030 | 052 | 33.99
07| - * - * B * | 036 | 0.70 | 36.52
0.9 | 0.68 | 043 | 23.76 | 0.66 | 0.37 | 22.81 | 0.61 | 0.19 | 19.81 | - * -
06| 03] - * - * | 037 | 0.93 | 4899 | 0.27 | 0.51 | 42.03
05| - * - * i . * | 030 | 0.61 | 43.50
07| - * - * i * - | 036 | 0.84 | 47.30
0.9 | 0.68 | 0.33|26.81 | 0.66 | 0.25 | 2537 | 0.61 | 0.02 | 20.76 | - * ;

” in the tables indicate that the admissible values of /ﬁ-(o) (i=1,3;7 =1,2) do not exist

«
* ij
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Table 2: Percent relative loss Lo in precision of 175 with respect to 715
Pyz 0.3 0.5 0.7 0.9

topye | 3 | s | Lo | ) | s | Lo | pd | i | Lo | p | | L
0.1 | 0.3 | 0.15 0.31 2.05 | 0.29 0.39 3.84 | 0.35 0.42 4.78 | 0.34 0.38 5.20
0.5 | 0.20 | 0.33 2.75 | 0.31 0.39 4.20 | 0.34 | 0.39 491 | 0.31 0.34 5.21

0.7 | 0.20 0.33 2.75 | 0.31 0.39 4.28 | 0.33 0.39 4.95 | 0.29 0.33 5.20

09 | 0.15 | 0.31 2.05 | 0.31 0.39 4.20 | 0.33 | 0.39 4.95 | 0.29 | 0.32 5.20

02| 03| 015 | 049 4.08 | 0.29 | 0.53 7.65 | 0.35 | 0.51 9.52 | 0.34 | 0.43 | 10.36
0.5 | 0.20 | 048 5.48 | 0.31 0.49 8.38 | 0.34 | 0.46 9.79 | 0.31 0.38 | 10.38

0.7 | 0.20 | 048 5.48 | 0.31 0.49 8.54 | 0.33 | 0.45 9.87 | 0.29 | 0.36 | 10.38

09 | 0.15 | 0.49 4.08 | 0.31 0.49 8.38 | 0.33 | 0.45 9.87 | 0.29 | 0.35 | 10.38

03| 0.3 | 0.15 0.72 6.12 | 0.29 0.68 | 11.44 | 0.35 0.61 | 14.23 | 0.34 0.49 | 15.49
0.5 | 0.20 0.66 8.20 | 0.31 0.62 | 12.52 | 0.34 0.55 | 14.64 | 0.31 0.43 | 15.52

0.7 | 0.20 | 0.66 8.20 | 0.31 0.60 | 12.76 | 0.33 | 0.52 | 14.76 | 0.29 | 0.41 | 15.52

09 | 0.15 0.72 6.12 | 0.31 0.62 | 12.52 | 0.33 0.52 | 14.76 | 0.29 0.40 | 15.52

04| 0.3 | 0.15 0.99 8.14 | 0.29 0.88 | 15.20 | 0.35 0.74 | 18.91 | 0.34 0.56 | 20.58
0.5 | 0.20 | 0.88 | 1091 | 0.31 0.77 | 16.64 | 0.34 | 0.65 | 19.45 | 0.31 0.49 | 20.62

0.7 | 0.20 0.88 | 10.91 | 0.31 0.74 | 16.96 | 0.33 0.61 | 19.61 | 0.29 0.46 | 20.63

09 | 0.15 | 0.99 8.14 | 0.31 0.77 | 16.64 | 0.33 | 0.61 | 19.61 | 0.29 | 0.45 | 20.63

0.5 | 0.3 - * - - * -1 035 | 091 | 2355 | 0.34 | 0.66 | 25.63
0.5 - * - 1031 0.97 | 20.73 | 0.34 | 0.78 | 24.22 | 0.31 0.57 | 25.69

0.7 - * -1 031 0.93 | 21.13 | 0.33 | 0.73 | 24.42 | 0.29 | 0.53 | 25.70

0.9 - * - 1031 0.97 | 20.73 | 0.33 | 0.73 | 2442 | 0.29 | 0.52 | 25.70

0.6 | 0.3 - * - - * - - * - 1034 | 0.79 | 30.65
0.5 - * - - * - 1034 | 095 | 2896 | 0.31 0.67 | 30.73

0.7 - * - - * -1033 | 089 ] 29.20 | 0.29 | 0.62 | 30.75

0.9 - * - - * -1 0.33 0.89 | 29.20 | 0.29 0.61 | 30.75

wyn
*

in the tables indicate that the admissible values of u

#(0)

ij

(i=1,3;7 =1,2) do not exist
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Table 3: Percent relative loss L3 in precision of T3; with respect to 191

Pus 0.3 0.5 0.7 0.9
t ] pye | w8y | pst” | Ls |l | pat” | Ls | pl) | st | Ls | pf) | ws® | Ls
01| 03] - * - 064 | 073 7.806 | 0.45 | 0.50 | 6.330 | 0.28 | 0.30 | 5.559
05| - * - * | 053 | 0.61 | 6911 | 0.32 | 0.34 | 5.647
07| - * - * N * - 038 | 0.42 | 5848
0.9 | 0.55 | 0.51 | 3.488 | 0.56 | 0.52 | 3.995 | 0.54 | 0.47 | 4280 | - * -
02| 03] - * - 064 | 0851689 | 045 | 057 | 1341 | 0.28 | 0.33 | 1157
05| - * - * | 053 | 071 | 14.85 | 032 | 0.38 | 11.80
07| - * - * B . * | 038 | 048 | 12.36
0.9 | 0.55 | 0.46 | 6.631 | 0.56 | 0.46 | 7.575 | 0.54 | 0.40 | 7.946 | - * -
03] 03] - * - 064 | 098 | 27.18 | 045 | 0.65 | 21.35 | 0.28 | 0.36 | 18.12
05| - * - * | 053 | 0.83 | 23.99 | 0.32 | 0.42 | 18.56
07| - * - * i * | 038 | 054 | 19.65
0.9 | 0.55 | 0.39 | 9.386 | 0.56 | 0.39 | 10.69 | 0.54 | 0.31 | 1001 | - * ;
04| 03] - * - * | 045 | 075 | 30.32 | 0.28 | 0.41 | 25.33
05| - * - * | 053 | 0.98 | 34.56 | 0.32 | 0.48 | 26.05
07| - * - * N * - 038 | 062 | 27.89
0.9 | 0.55 | 0.33 | 11.69 | 0.56 | 0.32 | 13.26 | 0.54 | 0.20 | 13.05 | - * -
05| 03] - * - * | 045 | 0.87 | 40.58 | 0.28 | 0.46 | 33.35
05| - * - * N * -1 032 | 054 | 3446
07| - * - * B * | 038 | 0.73 | 37.30
0.9 | 055 | 023 1345 | 0.56 | 0.22 | 15.16 | 0.54 | 0.06 | 14.18 | - * -
06| 03] - * - * N * - 028 | 053 | 4246
05| - * - * i . * - 032 | 0.64 | 44.06
07| - * - * i * | 038 | 087 | 48.23
0.9 | 0.55 | 0.10 | 14.52 | 0.56 | 0.08 | 16.23 | - * - * ;

” in the tables indicate that the admissible values of u:fj(o) (i=1,3;7 =1,2) do not exist

o
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Table 4: Percent relative loss L, in precision of T35 with respect to o9
Pyz 0.3 0.5 0.7 0.9

t ) pye | w83 | pss” | Lo | ) | paS” | Lo | pf) | s | La | pf) | w | La
0.1 | 0.3 | 0.46 0.65 | 6.544 | 0.44 0.57 | 6.189 | 0.42 0.49 | 5.922 | 0.36 0.40 | 5.679
0.5 | 0.45 0.60 | 6.336 | 0.43 | 0.52 | 6.030 | 0.39 0.45 | 5.807 | 0.33 0.36 | 5.602

0.7 | 0.45 0.60 | 6.336 | 0.43 0.51 | 5.993 | 0.38 0.44 | 5.769 | 0.31 0.34 | 5.571

0.9 | 0.46 0.65 | 6.544 | 0.43 | 0.52 | 6.030 | 0.38 0.44 | 5.769 | 0.31 0.34 | 5.562

0.2 | 0.3 | 0.46 0.87 | 15.34 | 0.44 0.71 | 13.91 | 0.41 0.58 | 12.87 | 0.36 0.45 | 12.01
0.5 | 0.45 0.78 | 14.50 | 0.43 | 0.64 | 13.29 | 0.39 0.52 | 12.45 | 0.33 0.40 | 11.76

0.7 | 0.45 0.78 | 14.50 | 0.42 0.62 | 13.14 | 0.38 0.50 | 12.32 | 0.31 0.38 | 11.67

0.9 | 0.46 0.87 | 15.34 | 0.43 | 0.64 | 13.29 | 0.38 0.50 | 12.32 | 0.31 0.37 | 11.64

0.3 | 0.3 - * - 1044 0.89 | 23.41 | 0.41 0.69 | 21.03 | 0.36 0.51 | 19.11
0.5 | 0.45 0.99 | 24.77 | 0.43 | 0.77 | 21.97 | 0.39 0.61 | 20.08 | 0.33 0.45 | 18.59

0.7 | 0.45 0.99 | 24.77 | 0.42 0.75 | 21.64 | 0.38 0.58 | 19.78 | 0.31 0.42 | 18.39

0.9 - * - | 0.43 0.77 | 21.97 | 0.38 0.58 | 19.78 | 0.31 0.41 | 18.34

0.4 | 0.3 - * - - * -1 041 0.83 | 30.62 | 0.36 0.59 | 27.14
0.5 - * - 1043 | 094 | 32.35 | 0.39 0.72 | 28.89 | 0.33 0.51 | 26.22

0.7 - * -1 042 0.90 | 31.74 | 0.38 0.68 | 28.33 | 0.31 0.48 | 25.87

0.9 - * - 1043 | 094 | 32.35 | 0.38 0.68 | 28.33 | 0.31 0.47 | 25.77

0.5 | 0.3 - * - - * - - * - 1036 | 0.69 | 36.33
0.5 - * - - * -1 0.39 0.86 | 39.15 | 0.33 0.59 | 34.85

0.7 - * - - * -1 0.38 0.80 | 38.25 | 0.31 0.55 | 34.29

0.9 - * - - * -1 0.38 0.80 | 38.25 | 0.31 0.54 | 34.14

0.6 | 0.3 - * - - * - - * -1 0.36 0.82 | 47.01
0.5 - * - - * - - * -1 0.33 0.69 | 44.78

0.7 - * - - * -1 0.38 0.97 | 49.92 | 0.31 0.64 | 43.95

0.9 - * - - * -1 0.38 0.97 | 49.92 | 0.31 0.63 | 43.73

wyn
*

in the tables indicate that the admissible values of u

#(0)

ij

(i=1,3;7 =1,2) do not exist
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SUMMARY

In this paper we consider the so-called preliminary test approach under Bayesian
setup. A class of shrinkage Bayes estimators is constructed and its performance
is investigated under balanced loss function for some special members, with focus
on preliminary test estimator. Risk analysis is then added to compare the perfor-
mance of unrestricted and restricted Bayes estimators with the preliminary test
estimator under balanced loss function.
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1 Introduction

Let Y1,Y 5, , Yy be independent and identically distributed (iid) as N, (@, X) where the
mean vector @ and the positive definite covariance matrix X are both unknown. When
nothing is known about the mean vector 6, then the maximum likelihood estimator (MLE)
of 8 as unrestricted estimator (UE) is given by

_ 1
Y = NZYZ». (1.1)

It is well documented that James and Stein (1961) and Efron and Morris (1972, 1976)
considered a decision-theoretic approaches to the estimation of @ while ¥ is known and
unknown respectively. More recently Srivastava and Saleh (2005) considered the estimation
of @ under subspace restriction for unknown 3. Also Saleh and Kibria (2009) investigated
on some improved estimators of @ parallel to the latter work under elliptical symmetry. All
mentioned references took quadratic loss function into account to study the performance of
the estimators. In this approach we study the behavior of some improved estimators upon
UE under so called balanced loss function (BLF). Sanjari Farsipour and Asgharzadeh (2003)

© Institute of Statistical Research and Training (ISRT), University of Dhaka, Dhaka 1000, Bangladesh.
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also derived the Bayes estimators of @ and X under BLF. Importance of any estimation
problem is boosted if we can furnish our driven estimators with good performance in the
sense of having smaller risk. In this case, the loss function under study plays deterministic
role. However, selecting objective or subjective points of view changes the results, it is
utterly important to take reasonable and practical losses into account.

Let 8 denote any estimator of ; then the quadratic loss function which reflects the
goodness of fit of the model is (0" —Y ) (0" —Y) where Y = (Y1,---,Y n). Similarly, the
precision of estimation of 8* is measured by the loss function (8" — 8)' (0" — ). Generally,
both of the previous criteria are used to judge the performance of any estimator. Throughout
this paper, we shall consider the estimation problem through the following loss function

LY, (65:0) = wr(]6]?) (6" — 680)W (8" — 8y)
+(1—w)r (l6]?) (6" — 6)W (6" — 8), (1.2)

where w € [0,1], (.) is a positive weight function, W is a weight matrix, and 6 is a
target estimator (natural estimator such as MLE and least squares estimator). This loss
is pioneered by Jozani et al. (2006) inspiring by Zellner’s (1994) balanced loss function.
This loss function takes both goodness of fit and error of estimation into account. The
wr ([|0]1?) (6" — 60)'W (6" — 6y) part of the loss is analogous to a penalty term for lack
of smoothness in nonparametric regression. The weight w in (1.2) calibrates the relative
importance of these two criteria. Dey et al. (1999) also considered issues of admissibility
and dominance, under the loss (1.2) ignoring the term r(.) when W = I,. For the case
w = 0, we will simply write L}V (6*; 0) as the quadratic loss function. Of course, duty of the
weight function r(.) is clearly apparent in deriving the Bayes risk. In this paper, we take it
into consideration for the sake of generality.
Assume h; : R? — RP, ¢ = 1,2 are measurable functions.

Lemma 1.1.

(i) The estimator 89+ (1—w)hy dominates g+ (1 —w)hs under the balanced loss function
Lffeo (6%; 0) if and only if Oy + h; dominates 8+ hy under the quadratic loss function
LY (6%;0).

(i) Suppose the estimator 6 has constant risk  under the quadratic loss function LY (6*; ).
Then 6 is minimax under the balanced loss function LO‘-}?‘,/OO (6*; 0) with constant (and
minimax) risk (1 — w)y if and only if 8y is minimax under the quadratic loss function
LY (6%;0) with constant (and minimax) risk ~.

The proof is a direct consequence of Corollary 1 (b) and Theorem 1 of Jozani et al. (2006)
under multivariate case.

The gist of this paper is the estimation of the regression vector-parameter 8 when it is
suspected that @ may belong to the sub-space defined by 8 = Bn where B is a p x 7 matrix
of known constants with rank » and 7 € R” with focus on the preliminary test estimator
(PTE). Recent book of Saleh (2006) presents an overview on the topic under normal as well
as nonparametric theory covering many standard models.
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2 Proposed Estimators
If we know that for the known matrix B of rank r and 7 € R", the hypothesis

holds, then the MLE of 8 to be denoted by @ as restricted estimator (RE) is given by

6=B(B'S'B)"'B'S7'Y, (2.2)
where
N
S=>(Y;-Y)Y;-Y). (2.3)
i=1

(See Srivastava and Khatri, 1979 and Srivastava and Saleh, 2005.)
Now under Bayesian viewpoint, to determine the Bayes estimator of € under the loss (1.2),
it is enough to find a value " which minimizes

E [Lf}l (9*;9)|Y} = WwE[r(|6]) Y] (0" —-Y)=" (6" - Y)
+1-w)E[r(|0]*) (0" -0y~ (6" - 0)|Y], (24)

where Y is given by (1.1). Differentiating from (2.4) with respect to (w.r.t.) 8* and setting
the derivative equal to zero gives the Bayes estimator

s o E[r(||0H2)0|Y]
O =¥ 0 =) L oy

(2.5)

Also as

1

9%E [Li}, 6*;0)]Y
00*'06*

2(1 —w)Z 1y (||0H2) +2wE "y (H6||2)
= 257 (||0]*).
is a positive definite matrix, 05 actually corresponds to a minimum value.
However, different weight functions r(.) give various types of 8 ; for the sake of simplicity

we take 7 (]|0]|?) = 1 throughout (one other choice can be r (||0]|?) = 5%, a > 0). Then we
have

Op =wY + (1 —w)E(O]Y). (2.6)
Now consider the normal-inverted Wishart distribution as a prior of (8, X), i.e,

-1

0,% A2
h0.%) x Ao g

(0 BnyA~'(0 - Bn)}

m -1
X|A|”2 exp {QtrA_lQ] , (2.7)
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where b > 0, m > 2p, A = N™'X and Q is a positive definite matrix.
Then the marginal posterior distribution of € is given by

N+4+m—p

pOY,S)oc {1+(0—60.)A(0—06,)} 7

where

Y +bBn S+Q b - . ,
S e/ B Y — Bn)(Y — By),
140 5o Troe ) )

which is the multivariate Student’s t-distribution.
Then the Bayes estimator O given by (2.5) is rewritten as
14w o (T—w)b

05 = Y Bn. 2.8
B= gy YTy P (2:8)

It is convenient to use the estimate of 6 given by (2.2) to obtain the empirical Bayes estimator
(EBE) of 0 as a convex combination of ¥ and 6 namely,

A I1+bw o (1—w)b 4

Orp(b) = T Y+71+b 0
. (1-wb,. 2

- Y-y - 2.

50 ( 0), (2.9)

where b is arbitrary and unknown. In the continuation we estimate b to determine the
specific estimator of @. For this, it can be investigated that (1 + b)"'Ly = F} ,,, where

cy = NY'cw'se) ey 21 2
q q
T = NY'Cc(C'sc)'CY,

m =N —q, g =p—r, B stands for “equal in distribution”, C is a p x ¢ matrix of rank
q such that C'B = 0, and F, ,,, denotes the F-distribution with (g,m) degrees of freedom.
Hence, (1 +b)~! can be estimated by a scalar multiple of £'. (See Srivastava and Saleh,
2005.)

More generally, let g(Ly), a real-valued function of Ly, be an estimate of 174%1 Then
the estimator given by (2.9) becomes

Opp(b) = Y —(1-w)g(Ln)(Y - 0)
= 0+ (1—-w)[l—gLN)] (Y —8). (2.10)

The estimator 8z (b) is somehow similar to that introduced by Srivastava and Saleh (2005),
with an additional weight (1 — w). Thus of course the performance of 85 5(b) for different
selections of g(Ly) should be the same as that discussed in earlier work under quadratic
loss function. However, it is worthwhile studying the performance of 655 (b) under BLF by
the use of important role of Lemma 1.1.

Now consider the following three choices of g(Ly):
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(iii) g(Ln) = I(Ly < Fym(a)) = I(T? <
point of the F, ,, distribution

F, m(a)) where F, () is the upper 100a%

q
m

~PT A~ ~

O5=0  =0ppb)=Y — (1 -w)I(T%< -~ Fym(a))(Y —6)

(=)

which is the preliminary test estimator (PTE) introduced by Bancroft (1944).

3 Risk Analysis

The risk function for any estimator 8™ of 8 associated with (1.2) is defined as
-1 * -1 *
RYy(6%0) = E[LT (6% 0)]. (3.1)

In this section, first we determine the risk function using (3.1). For the case w = 0, we will

simply write ROE_1 (6;0). Then some comparative results are given.

Simply
R, (Y:0)=p(1-w). (3.2)

By making use of (2.2), H = I, — B(B'S™'B)~'B’S™" and the utilities in Srivastava and
Saleh (2005), we get

R/ (6:6) = (1-w)E[@-0)S7'(6-0)| +wE (YHE'HY)

1-— —-p—1 — -1
w p_q(n p=1) n-gtr—1 .,
N n—q—1 n—qg—1

+2 (q FAZ (3.3)

© rm(q+A2)>7

q(m —2)

where A2 = NO'C(C'EC)~1C’6.

Finally for the risk of éPT, using (3.3) and equation (3.12) of Srivastava and Saleh



60 Arashi

(2005), we have

0
1—w q 9
+ (P~ €| Garom +2 Fym(a); A

__r Goszm—2 (q<m_2) Fym(a); A2> }

m — 2 m(q+2)
q q
A? [2Gq+2,m (q+2 Fom(a); A2> — Goram <q+4 Fq+4,m(a);A2>
r q(m —2) 2
NS m— N F m 7A
+ p— Gata,m—2 (m(q+4) 7m ()
w(l —w)? q
+ N{Q[Gq+2,m <+2 Fym(a); A2
r q(m —2) ]

’11

_ A2
+ m—9 Gq+2,7n 2 ( (q + 2) m( ) )

q
+ A2 [Gq+47m <q+4 ytam(0); A )

where G, 5(.; A?) denotes the cdf of a non-central F-distribution with (r, s) degrees of free-
dom and non-centrality parameter A2,

Comparison between 6 and Y can be easily done by making orders between the risk
functions. But for the comparison of ] rr and the others, based on BLF, we have the
following abstracted results.

Under quadratic loss function the estimator éPT is always superior to the unbiased
estimator Y whenever

— 2)
<A< o~ F () A2 o (=2 5 A2
0 S =~ q{Gq"FQJ”(q +2 q,r 7 ) q+2,r 2 (m(q T 2) q,m (05)7
q q
X {QGwzm (q 1o Fam ) Garam ( ) Foram(a); AQ)
r q(m -
_— m— F m A . .
+m_2 GQ+47 2 < (q+4) q, ( ) ):| (3 5)

Otherwise Y is superior. This conclusion remains valid under BLF using Lemma 1.1 (i),
by taking hy = 0 and hy = I(T? < L Fym(a))(@ —Y). Now consider that under Hy :
0 = Bn, because C'B = 0 we have A2 = Nn/B'C(C'SC)"'C'Bn = 0. Hence the

~PT _ A
relative efficiency of @ = compared to Y and @ based on quadratic loss function, under Hy,
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respectively given by

-1
E@ .y = [1—‘1170} >1
p
~PT q(N—p—l)} APT { q(N—p—l)}
EO :0 = |l-———=1FO :Y)>|1-
( ) [ p(N —q—1) ( )2 p(N —q—1)
since for every o, Ggm (Fg.m();0) =1 — a; where
DAQ = G+2m LF m(Oz)'A2
qT4, q+2 q, ’
r q(m —2) 9
- 9| ———= F, TAT ).
m—29 Gq+2,m 2 <m(q+2) q,m(a)v
Thus, using Lemma 1.1 (i), under Hy,
q(N—p—l)} ~PT A SPT  _
1-— 1 <FEO :00<EB6 :Y). 3.6
| < B0 0 < p@" . ¥) (3.6

T
m—2

The inequality in (3.6) becomes strict whenever Dy < (1 -

2005.)

Also using part (i) of Lemma 1.1 and equation (3.2), the estimator Y stays minimax
under BLF. We can also conclude that under Hy the restricted and preliminary test esti-
mators are minimax. We close this section by some graphical results on preliminary test
estimator performance w.r.t. the level of significance and weight coefficient w.

) (see Srivastava and Saleh,

The following important points can be inferred from the Figures 1.

1. As w increases the risk values decrease. In other words, based on the structure of
BLF, it confirms that if the model fit is good then the risk values are decreased as a
natural consequence.

2. For approximate value A = 1, the superiority order of the PTE for different levels of
significance changes. In fact, for larger values a we consider better performance up to
A =1, and vice versa for A > 1.

4 Numerical Analysis

In this section we proceed to a numerical computation of a real data to show the application
of the method discussed in this study. In this regard, consider the set of N = 25 observations
given in Anderson (2003) taken from Frets (1921) consisting of head length and breadth of
first and second son in a family. The full data is given in Table 1. In this case we have p = 4.
Assume that the prior knowledge is given by (2.7) for an empirical Bayesian study. For the
purpose of restricted and preliminary test estimation strategies we also need a matrix B.
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0.636-
0.354+
0.634+
0.6324 0.353+
0.6301 0.352+
0.628 0.3514
Risk Risk
0.626- 0.350—
0.624+ 0.349+
0.622 0348
0.620 0347
0618 03464
T T T — T T T —
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
A A
alpha=0.01 alpha=0.05 === alpha=0.1 alpha=0.01 alpha=0.05 === alpha=0.1
s 3|pha=0.2 s a|pha=0.2
0.0705+
0.0700+
Risk
0.0695
0.0690+

alpha=0.01
e alpha=0.2

alpha=0.05 =——— alphaZO.l‘

Figure 1: Risk Performance of PTE for w = 0.1,0.5,0.9

It is also important to find a matrix C for constructing the test statistic Ly such that
C’'B = 0. It may be noted that computationally simple methods to obtain a matrix C
satisfying C' B = 0 are given in Srivastava (2002). With this in hand, suppose that one is
desired to test the following null hypothesis

61 150 1 0 10
Hy | % =] %0 I e N A o P e
03 100 0 1 100 4 3
04 500 2 2 -1 -1
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Obs Y1 Y> Y3 Y. Obs Y1 Y, Ys Y,
1 191 155 179 145 14 190 159 195 157
2 195 149 201 152 15 188 151 187 158
3 181 148 185 149 16 | 163 137 161 130
4 183 153 188 149 17 | 195 155 183 158
5 176 144 171 142 18 186 153 173 148
6 208 157 192 152 19 181 145 182 146
7 189 150 190 149 20 | 175 140 165 137
8 197 159 189 152 21 192 154 185 152
9 188 152 197 159 22 | 174 143 178 147
10 | 192 150 187 151 23 | 176 139 176 143
11 179 158 186 148 24 197 167 200 158
12 | 183 147 174 147 25 | 190 163 187 150
13 174 150 185 152

63

Table 1: Head Lengths and Breadths of Brothers (Y;=Head Length of First Son, Yo=Head
Breadth of First Son, Ys=Head Length of Second Son, Y;=Head Breadth of Second Son)

Also from the given data we get,

185.72 95.2933 52.8683 69.6617 46.1117
v — 151.12 . S= 52.8683 54.3600 51.3117  35.0533
183.84 69.6617 51.3117 100.8067 56.5400
149.24 46.1117 35.0533  56.5400 45.0233

Thus, it can be concluded that

4.86
40.85
22.86
55.45

. T?=5073.41 =

185.72 180.85
151.12 110.26

2
—(1-w)I (9119.28 <= F2,23(04)>
183.84 23 160.97

| 149.24 93.78
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At this stage any decision may be taken trough selecting a pre-specified level of significance.
Because T2 is large enough such that I (9119.28 < % F2,23(a)) = 0 for every reasonable «,
therefore in overall we deduce that ép =Y. Overall, for all values o the null-hypothesis
Hy will be rejected. However, by making use of the equation (2.10) and the fact that
Ly = 104868.20, taking g(Ly) = 10°L " (resulting in Stein-type estimator), we can obtain

better result than the latter (Hp does not reject).
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SUMMARY
Consider the simple linear regression model:Y; = 8o + fix; + 0zi, (1 =1,...,n),
where 21, ..., 2, are i.i.d. errors with exponential distribution, e™*, z € RT. This

paper deals with the estimation and tests of hypothesis regarding the parameters,
0 = (Bo, 81,0)" based on a few “regression quantiles” introduced by Koenker and
Bassett (1978). The question of optimum regression quantiles is addressed for
the problems. Further, estimation of the conditional regression function is also
considered along with the related optimum regression quantiles. In every case
the optimum spacings are independent of the design matrix.

Keywords and phrases: ABLUE; Regression Quantiles; Optimum Spacings; JARE

AMS Classification: 62F03, 62F10, 62F12

1 Introduction

It is well known that least squares estimators (LSE) of regression parameters are unbiased
with minimum variance and the quadratic estimator of o2 is optimal in general. However,
this may not be so for the model with exponential errors. For the maximum likelihood
estimators (MLE) the Fisher information matrix for the parameter 8 = (5o, 81,0)’ is given
by the 3 x 3 matrix:

n nT 1
n 2 =2
2| nT n(s®+7°) =7
1 T

© Institute of Statistical Research and Training (ISRT), University of Dhaka, Dhaka 1000, Bangladesh.



68 Saleh &Adatia

In this paper we consider the estimation of 8 based on a few selected regression quantiles
which is an extension of the sample quantiles in the location-scale model (See, Balakrishnan
and Basu, 1995; David and Nagaraja, 2003; Harter, 1963; Sarhan and Greenberg, 1962;
Saleh, 1981 and Saleh and Ali, 1966).

The objective of this paper is to basically, obtain (i) asymptotically best linear unbiased
estimator (ABLUE) of 6 based on k(3 < k < n) optimum regression quantiles, (ii) propose
test-statistics for jointly testing @ = (8y, 51,0)" under local alternatives and discuss the
related optimum spacings and finally, (iii) propose ABLUE of a conditional quantile function,
y(&) = Bo + Birog +oln(l —€)71,0 < € < 1 and related optimum spacings. Thus, as a first
step, we assume that n is large and

n N, 1 T
. . - . 1 _
(¢) limz,=7 and limn i} o, | =
n—o0 n—oo In 2. T %+
i=1

Let u =1In(1 — X\)~! be the quantile function of the exponential distribution corresponding
to the spacing A (0 < A < 1) and let go(A) = 1 — X be the corresponding density quantile
function. Further, let k(3 < k < n) be a fixed integer and consider the spacing vector
A= (A1,..., ) satisfying the relation 0 < A} < -+ < A\, < 1.

Now, following Koenker and Bassett (1978) we obtain the k regression quantiles

B = (BinO), - Bin (W), j = 0,1

by minimizing > (x; (y; — Bo — Bixj), where  (x(2) =| 2z [ {M(2 > 0) 4+ (1 = N\)I(z < 0)}
j=1
with I(A) as the indicator function of set A. Thus, using Theorem 4.2 of Koenker and
Bassett (1978) we see that the 2k—dimensional random variable
(VAlBon(N) = oy — o', va[B,(N) = fiLi]')

converges in law (as n — 00) to the 2k—dimensional normal distribution with mean 0 and

covariance matrix .

®@ €,

where 2 = (M>, and 15 = (1,1,...,1), a k—tuple of ones and u = (uy,uz, ..., ug)

A=2)(A=X;)
and u; =In(1—X;)7Y, i=1,... k.
These results will be used in the subsequent sections.

2 Joint Estimation of (5, 51,0)

We obtain the ABLUE of (8y, 51,0)" by minimizing the quadratic form

/
)

[Bon(A) = Bolk — ou] 2 [B,, (A) — Boli — ou] + 2[By, (A) — ol — ou)Q ' [By,, () — 114

+ (2 +7) B, (A) = B QT B, (A) — Bily]
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with respect to Gy, (1, and o to obtain the normal equation

KOZ =V,
where
K, K, K3
K= Kz (52 +§2)K1 K3 and 0; = (ﬁgn’ﬁfmagn)/ and V = (V0>Vl?V2)/’
K3 TK3 Ky
with

Vo=20+7Z1, WVi=IVi+8*Z), Vo=2Z;4+7Z;
Z; =198, Z;=wQ'B,, j=0.1

and A = K1 Ky — K3. The explicit form of K, K2, and K3 are given by

Ki=1/e""' Ky=ul/(e" )+ L, and K3 =uy/(e" —1),

e%i—e"i—1

k
where L= )" (wi—ui)? (see Saleh and Ali, 1966 and Saleh, 1981).
i=2

Now, as n — oo, the asymptotic distribution of

(VB — Bo)s V(Biy, — 1), Vlok — o)),

follows the 3-dimensional normal distribution with mean 0 and dispersion matrix o?K~1!,
where | K |= s? K1 A. Hence, the joint asymptotic relative efficiency (JARE) of 8}, relative
to the MLE, say 8,, is given by

— KA e (e —1)72

JARE(6} : 0,) = W =1 n(n=1) Qr-1,

eti—e'i—1)

k—1
with Qp_1 = > ((t—# as in Saleh and Ali (1966).
=1

Notice that JARE(O}, : 6,,) as a function of u; is decreasing and it has maximum near
the origin given by

2
0 =1 giving u? = In (

2n+1
m+1

2n—1
due to Saleh and Ali (1966). Then, conditionally on this spacing, the JARFE is given by

(2n —1)3
dn(n —1)(2n+1)

Qr-1.
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Thus, maximizing Qr_1 with respect to (A1,. .., Ax) one gets the optimum spacings given
by Ogawa (1951), which yields the spacings given by

1 . 24 (2n - 1)\
md A=y

*

Al = —= i=1,...,k—1
1 7’L+1/2 y J i ) )

where )\? (j=1,...,k—1) are the optimum spacings for the scale parameter alone which
are available in Sarhan and Greenberg (1962).
Some tabular values of the JARE are given in Table 1 below.

Table 1: Values of JARE(O}, : 6,,) for selected k = 2(1)10 and n = 50(10)100

k n JARE | k n JARE | k n JARE | k n JARE
2] 50 | 06349 | 4| 70 | 0.8785 | 6 | 90 | 0.9371 | 9 50 | 0.9561
21 60 | 06370 | 4 | 80 | 0.8800 | 6 | 100 | 0.9382 | 9 60 | 0.9593
21 70 | 06385 | 4| 90 | 0.8812 | 7 | 50 | 0.9416 | 9 70 | 0.9616
2| 80 | 0.6396 | 4 | 100 | 0.8822 | 7 | 60 | 0.9448 | 9 80 | 0.9633
21 90 | 06405 | 5 | 50 | 0.9087 | 7 | 70 | 0.9470 | 9 90 | 0.9646
21100 | 06412 | 5| 60 | 09117 | 7 | 80 | 0.9487 | 9 | 100 | 0.9657
31 50 | 0.8041 | 5| 70 | 09138 | 7 | 90 | 0.9500 | 10 | 50 | 0.9605
3] 60 | 0.8068 | 5 | 8 | 0.9154 | 7 | 100 | 0.9510 | 10 | 60 | 0.9637
31 70 | 0.8087 | 5| 90 | 0.9167 | 8 | 50 | 0.9502 | 10 | 70 | 0.9660
3] 80 | 0.8101 | 5 | 100 | 0.9177 | 8 | 60 | 0.9533 | 10 | 80 | 0.9677
3190 | 0.8112 | 6 | 50 | 0.9289 | 8 | 70 | 0.9556 | 10 | 90 | 0.9690
31100 | 0.8121 | 6 | 60 | 0.9320 | 8 | 80 | 0.9573 | 10 | 100 | 0.9701
4| 50 | 08735 | 6 | 70 | 0.9342 | 8 | 90 | 0.9586

41 60 | 0.8764 | 6 | 80 | 0.9358 | 8 | 100 | 0.9596

3 Test of Hypothesis on (5, 41,0)
In this section, we consider the joint test of hypothesis:

Hy : (Bo, Br,0) = (89, 87,0°)
against
HA : (ﬂOa/Blvg)/ # ( 8v6970(]),

based on Bjn = (Bjn(Al), e 7Bjn()\k’))/7 (j =0,1), where (83, 8?,0°) is a specified vector.
In this context, our objective is to assess the asymptotic relative efficiency (ARE) of a test
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based on (8, 81, 0)" relative to a test based on (By,,, B1,,0n)"- It is shown that the

optimum spacings for this problem remains the same as in the estimation problem.
We now define the test statistics @} for testing Hy against H4 as follows:

Q= (o) K185, — B0)° + Ka(oy, — 0%)% + (s* + T*) K1(B7,, - B7)?
+ 22 K3(85, — B0) (81, — 1) + 28K3(B1, — BY)(0y, — 0°) + 2K3(5,, — ) (o, — 0°).

Then, the test function is defined by

L if Q> Q5.

0 otherwise.

Q) =

Now under Hy, @}, follows a central chi-squared distribution with 3 degrees of freedom
(DF), and we take Q} , = X3 ,, which is the upper a%-tile of the chi-squared distribution.
Similarly, we consider test-statistics based on 8 = (B,,,, B1,,0n)" is given by

Q@ =n(0") 2By, — 60)? + (@ — 0°)* + (s° +7°) (By,, — 7)°
+ QE(BOn - ﬂg)(Bln - ﬂ?) + 2§(Eln - ﬂ(l))(aﬂ - UO) + 2(30n - 58)(En - JO)

giving the test-function

1 if @n > @n,a

0 otherwise.

$(Q,) =

As in the case QF, @, follows a central chi-squared distribution with 3 DF under Hy and
Q.o = X3.o as before.

To find the asymptotic distribution of Q7 (Q,,) under H 4, we consider a sequence of local
alternatives {4, }, where

Apt Boy + B3+ 072080,  Biy=FY+n720,  Quy =0’ +n %,

where 8’ = (80, 01,82) # (0,0,0) is some fixed real vector in R? x R*. Using the asymp-
totic distribution of (85, 8%,,0.) and (B, B1n,0n)" under {4, }, we find the asymptotic
distribution of @ and @,, follows the non-central chi-squared distribution with 3 degrees
of freedom and the non-central parameters

A* = §Ké/(6")? and A =48T6/(c")?,

respectively. To compare Q7 and @Q,,, we note that the classical Pitman ARE result is
applicable since the tests have same size a and similar non-central chi-squared distribution.
So using Puri and Sen (1971) we obtain

. = 3'Ké
ARE[Q;, : Q)] = FUTH
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By Courant-Fisher theorem (Rao, 1973) the extremes of the ratio of two quadratic forms
in é are given by
d'Ké
Clhiin(KT™1) < 52 < Chupax (KT,

where Chupin(A4) and Chpax(A) are minimum and maximum characteristic roots of A. In
this case,

(K1 —K3) 7[(K1—K3) _ &] (K3—Ki)
(n—1) (n—1) n (n—1)
KI != 0 Ky 0
[nK3—Ki] 7[nK37K1] (nK2—K3)
(n—1) (n—1) (n—1)

Further,

eq) tewe) tea =tr KI_l)
= (’]’L2K2 — 2K3 + (271 — ].)Kl)
(eul _ 1)71

= m((nul —1)?+2n—1)+n*(1—e “)Qk-1),

where e(;), © = 1,2,3 are the eigen values of the the matrix {KI_l}. This is a decreasing
function of w;. Hence, the optimal spacing for the maximum with respect to w; yields
2/(2n 4 1) as in the case of estimation. Rest of the spacings are obtained by maximizing

Qr—1-

Also, we have the product
e(1)€(2)€(3) =| KI* |= K1A/(n(n — 1)),

which is same as the JARE expression. Thus the optimum spacings are the same as the
estimation problem. As a measure of the ARE of the test one may use tr(KI~')/3 or the
geometric mean i.e. (K;A)1/3),

4 Estimation of Conditional Regression Quantiles
Consider the conditional regression quantiles

Q) =Bo+ Przo+on(1—&) !, 0<E<1,

where zy and ¢ are specified. We can estimate Q(€) using the two estimators of (5, 01, 0),
namely (3%, 3%,,0%) and (B, B1,,0n) yielding

Qn (&) = g + Bipzo + oy In(1 =€) 7" and Q,(€) = Bon + Prpzo +7nn(l = €)~"
with the respective asymptotic variance given by

o2 o2
VarlQ;,(€)] = —L'K™'L and Var([@,(¢)] = LT,
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where L = (1, z0In(1 — &)~ 1)
The ARE of Q7 (£) relative to Q,,(€) is then given by
e~ LTL

where
Chmin(KI™Y) < ARE[Q%(€) : Q,,(€)] € Chuax(KI™H).

Thus, the optimum spacings of the k regression quantiles are the same as the spacings
for the estimation and testing problems.
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