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SUMMARY

This paper proposes an empirical likelihood confidence region for the regression coeffi-
cients in linear regression models when the regression coefficients are subjected to some
equality constraints. The shape of the confidence set does not depend on the reparametriza-
tion of the regression model induced by the equality constraint. It is shown that the asymp-
totic coverage rate attains the nominal confidence level and the Bartlett correction can suc-
cessfully reduce the coverage error rate from O(n™") to O(n~?), where n denotes the
sample size. Simulation studies are conducted to evaluate the finite sample performance
of the proposed empirical likelihood empirical confidence estimation procedure. Finally, a
comparison study is conducted to compare the finite sample performance of the proposed
and the classical ellipsoidal confidence sets based on normal theory.

Keywords and phrases: Linear Regression Model; Empirical Likelihood; Bartlett Correc-
tion; Edgeworth Expansion

AMS Classification: 62G08; secondary 62G10

1 Introduction

A classical statistical inference in linear regression models is to construct confidence regions for the
regression coefficients. In a parametric setup, the random error is often assumed to obey a normal
law. As a result, a ¢-type or F'-type confidence region can be built from the distributions of least
square estimate or MLE of the regression coefficients. If the distribution of the random error is
unknown, we may seek some large sample confidence regions based on the asymptotic distributions
of some estimates of the regression coefficient, or construct some bootstrap confidence regions. But
a main drawback of the large sample confidence regions and the bootstrap ones is that the shapes and
orientations of the confidence region are predetermined by the large sample theory or the bootstrap
procedure itself.
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As a nonparametric alternative to the bootstrap procedure for constructing the confidence re-
gions, the empirical likelihood (EL) procedure, introduced by Owen (1988, 1990, 1991), have gained
much popularity during the past two decades. Unlike the bootstrap procedure, the EL does not re-
sample the data with equal probability, instead, a set of constraints on the resampling probabilities
enable the EL procedure to be able to collect the important features of the data, which in turn im-
plies that the EL uses only the data to determine the shape and orientation of the confidence regions.
Compared to the large sample confidence intervals, the EL procedure does not need to explicitly
estimate the asymptotic covariance of the estimate of the regression coefficients, since an embedded
studentization will be carried out in the optimization process. More importantly, under some regular-
ity conditions, it has been already shown that in many statistical models, the EL confidence interval
is Bartlett correctable, meaning that the coverage error can be reduced from O(1/n) to O(1/n?) by
a simple adjustment on the y2-critical value used in the EL procedure, but in general, the bootstrap
confidence intervals are not Bartlett correctable. The application of the EL procedure on the lin-
ear regression model was started with Owen (1991), then inspired by the Bartlett correction theory
in DiCiccio et al. (1991), Chen (1993, 1994) further investigated the higher order property of the
EL procedure in the linear regression models, and established the formula for the correction factor.
Recent years also see the application of the EL methodology to other important statistical models
where the data are either randomly censored, measured with errors, or missing. See Wang (2000),
Wang and Rao (2002), Cui and Chen (2002), and the references therein.

Usually, we do not impose any restrictions on the regression coefficients in the linear regression
models, they are free parameters. But in real applications, sometimes we have to build such a linear
regression model in which the regression coefficients are subject to some restriction, often expressed
by an equality or inequality. For example, in ANOVA or ANCOVA models, the fixed or interaction
effects are often assumed to have sum 0 for the sake of model identifiability.

To be specific, the following linear regression model would be used to fit the data

Y =X'B+e, RB=, (1.1)

where Y is a scalar response, X is a p x 1 observable design covariate, either fixed or random, 3
is the p x 1 unknown regression coefficients, and the random error € has mean 0 and variance o2,
The equality restriction on § is RS = b, where R is an r X p known constant matrix, r < p, and
bis an r x 1 known constant vector. In fact, without loss of generality, b is often assumed to be
0 by a reparametrization, but we will not do so since the reparametrization does not bring much
simplification in the subsequent discussion.

The purpose of this paper is to develop confidence regions for 8 in model 1.1 using three dif-
ferent procedures, the classical Wald-type confidence region, the bootstrap confidence region and
the empirical likelihood confidence region, with focus on the latter. The paper will be organized as
follows. Section 2 provides the formula of Wald-type and the algorithms of bootstrap confidence
intervals; the empirical likelihood confidence interval will be constructed in Section 4, together with
the theory on Bartlett correction. Comparison studies on the finite sample performance among these
procedures will be made through simulation studies in Section 5. Finally, the proofs of the main
results will be presented in Section 6.
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2 Wald-type and Bootstrap Confidence Regions

Let (X/,Y;),i =1,2,...,n be a sample from (1.1), EXX’' > 0, ;s are independent and identi-
cally distributed. Denote X the n x p matrix with i-th row being X/, Y = (Y3,...,Y,,). Further
assume that rank(X) = p, rank(R) = r, and 35 = (X’X) ' XY, the LS estimate of /3. It is well
known that the restricted LS estimate of 3 has the form of

Brrs = Brs — (X'X) 'R (R(X'X)"'R)"Y(RfALs — b).

If we assume that ¢ ~ N(0,0?), € and X are independent when X is random, T' = X'X + R'R,
then one can show that given X,

Brrs ~ Np(Bo,0%Q), Q=T"'—T'R(RT™'R)'RT.

Although feasible, it would be a little tedious to construct a confidence region of 3 based on the
above normality result, since the covariance matrix (2 is a singular p X p matrix, and rank () = p—r-.
Instead, we will proceed by rewriting model (1.1) with restricted parameter space as a model without
any restriction. For this purpose, let R = [R1, Ra|, where Ry isanr x r and Re isanr X (p —r)
matrix. Without loss of generality, assume that R, is nonsingular. Accordingly, decompose (3 into
two blocks [3, 85" with 31 being r x 1. Then from RS = b we obtain R85 + R2f2 = b and
b1 = Rfl(b — Ry f32). Thus, model (1.1) can be written as

—1; _ p-1 -1 _ p—1
Y; = X! By — Ry Rofo + e = X! Ryb + X! Ry Ry Bo e (2.1)
Bo 0 I
Define
—1 _p-1 B B
Ao B0 , B= Ry By , Y, =Y, - X/A, X|=X!B.
0 I

One can see that (Xz’, f’i)/, i =1,2,...,n are i.i.d. random vectors. With this definition, (2.1) can
be concisely written as a typical linear regression model

Y = X[Bs +ei. 2.2)

Therefore, to construct a confidence region of (3, we can construct one for 85 based on model (2.2),
then combine the relationship 3; = Ry *(b — Ry/32), we can build a confidence region of 3.

2.1 Wald-type Confidence Region

Note that rank(XB) = p — r, so B’X’XB is nonsingular, and the least square estimate of 3 in
model (2.2) can be written as

By = (B'X'XB)"'B'X'(Y — XA).
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If £; ii.d.~ N(0,02), then it is easily seen that, given X,
By ~ N(B2,0%(B'X'XB)™1).

Denote 31 = Ry (b — Raf32), and 3 = (B, 3,)’, an unbiased estimate of o can be taken as

o (¥ _n)iﬂg;)(fﬁ Xp) 03

which, together with the facts that [n — (p — r)]6%/0? ~ Xi—(p—r) and f3 is independent of 52,
imply
(B2 — B2)' B'X'XB(f — f32)

~F
(p—r)o?

p—rn—(p—r)"

Therefore, an F'-type confidence region of o with confidence level 1 — a can be constructed as

(B2 — B2)' BX'XB(f2 — )
(p—r)o?

CF752 = {52 : < Fl—a,p—r,n—(p—r)} ’

which is clearly an ellipsoid in RP~". Accordingly, a confidence region of 8 with confidence level
1 — « can be defined as

Crs={B= (81,85 : B =R '(b—Raps),B2 € Crp,}.

If € is not normally distributed, then one can find a confidence interval of /3 either by large sample
theory or by bootstrap algorithm. Under some mild regularity conditions, central limit theorem
implies that

(B'X'XB)"2(By = ) = N(0,5°I)

and law of large number implies that 52 defined in (2.3) is a consistent estimator of 2. Therefore,

(B2 — Ba)' BX'XB(fa — 2)

6-2

2
—— pr’l"
Hence, a x2-type confidence region of 35 can be constructed as

Con s = { g Ba=Bo)'B );XB(BQ B _ X%wr} |

which is also an ellipsoid in RP~". Accordingly, a confidence region of 3 with confidence level
1 — « can be defined as

Cyop={B=(B1,B5) : B =R '(b—Rapa),Bo € Chap, } .
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2.2 Bootstrap Confidence Region

Generally there are two bootstrap algorithms in regression models. The case resampling treats the
predictors as random, and model based resampling views the predictor as fixed. Sometimes, the pre-
dictor will be treated as fixed even if they are generated randomly. An attractive advantage of doing
so is that the standard error of the bootstrap estimate of the regression coefficients reflects the preci-
sion associated with the sample of predictors actually observed. See Efron and Tibshirani (1993) for
more discussion on this issue. The case bootstrap procedure for constructing the confidence interval
of 3 consists of the following steps.

(1) Estimate 35 from the sample (X'z’, }72-)/, 1 = 1,2,...,n, using least square procedure, de-
note the estimate as (33, and calculate the fitted value and residual for each observation Y; =
X{ﬂ?aei = }/Z - }/:L

(2) Select bbootstrap samples of the residuals, €7 ;, i = 1,2, ..., n, and calculate the bootstrapped

Y-values using V', = Y; + €7 =12,....b

(3) For each bootstrap sample, regress Y*; on X i= 1,2,...,n to obtain the bootstrap estimates
of B,

(4) For each j, calculate

(B2 — B2) BX'XB(5; 5 — ba)

~ 2%
9

T; =

b

where . .
n * * * *
52* — Zizl(yj,i - Xiﬁz,j)/(yj,i - Xiﬁ2,j)
! n—(p-r)
and the 100(1 — «)th percentile, denoted by T[?l—a)b]’ of T/, j=1,2,...,b

(5) The 1 — « confidence region of 32 can be constructed as

3 — B2)' B'X'XB(f2 —
CB,ﬁz = {62 : (62 /62) 52 (52 62) < T{zl—a)b]}7

which is an ellipsoid in RP~". Accordingly, a bootstrap confidence region of 3 with confi-
dence level 1 — « can be defined as

Cpp={B=(81,5) :B1=R (b—Rafa), B2 € Cpp,} -

If the model-based bootstrap procedure is preferred, then steps (1), (2) and (3) should be modi-
fied as follows:

)

(1) Estimate (5 from the original sample (X'l’, f/;)’ ,1=1,2,...,n, using least square procedure,
denote the estimate as (5.

(2) Select b bootstrap samples from (X!,Y;)’, i = 1,2,...,n, denote them as (Xj*;, Y;i),j=
1,2,...,0b.

(3) For each bootstrap sample, regress Y, on X;;, ¢ = 1,2,...,n, to obtain the bootstrap esti-
mates of 37 ,.
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3 Empirical Likelihood Confidence Interval

The motivation, theoretical development and computational consideration of the empirical likeli-
hood methodology can be found in Owen (2001). Denote Z;(2) = X;(Y; — X!B5). The empirical
likelihood ratio function of 35 is defined as

maX{Hnwz sz (B2) = 0,w; >0, szl}

=1

Based on the theory of empirical likelihood inference, the empirical likelihood confidence inter-
val for 8o with confidence level 1 — « should have the form

Cerg, ={B2: —2logRy(52) < ci-a},

where ¢1_, is the 1 — « percentile of the asymptotic distribution of —21log R,,(f20) assuming that
B is the true value of the regression parameter 35. Therefore, the empirical likelihood confidence
interval for 5 with confidence level 1 — « can be defined as

Cerpg={8= (81,53 :p1= Rfl(b — Ry33), —2log Ry (B2) < c1-a}- 3.D

The following result shows that asymptotically, the confidence region defined in (3.1) has the right
coverage rate.

Theorem 3.1. Suppose theta E|| X||? + Ee? < oo, then
lim P(ﬂ() € CEL,B) =1-q.
n—oo

In the above discussion, we have assumed that R;, the matrix consisting of the first  columns
of R, is nonsingular. It is likely that there are other r columns of R form a nonsingular matrix, we
denote this matrix as ()1 and the corresponding parameters as 7, the rest p — r columns of R as ()2,
and the corresponding parameters as 72, then we will have another linear model and can construct
another empirical confidence region using exactly the same argument. This brings up an interesting
question, are these two confidence regions same?

To be specific, let T' be the elementary matrix which permute the locations of the elements in 3
so that the after the permutation, the first  elements forms the vector -1, and the rest p — r elements
forms the vector 7-. Then the new linear regression model with restriction can be written as

Y;=X/T'TB+¢;, RIT'TB=b, (3.2)
Thus

8= ("], RT' =[Q1,Q).
Y2
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With these new notations, we have

—1; -1
v = x (@0 QU@ (3.3)
2

_ X(T/ Q;lb + X{T/ _QleZ
i %

Define

}A/i — }/7{ _ X;T/ Ql_lb ’ X’LI — Xl/T/ 7@1_1622

0 I

then, (3.2) can be concisely written as a typical linear regression model

)

Vi = Xlys + e (3.4)

Denote W; = Xl(f’l - X !~2). The empirical likelihood ratio function of 75 is defined as

Ru(72) = max {l_InuZ : ZuiWi(Bg) =0,u; > O,Zui = 1} )
i=1 i=1 i=1
and the empirical confidence interval for -y, or 5 with confidence level 1 — « can be defined as

Crry(7) ={7=(1,7)" 11 = Q7 (b — Q12), —210g Ru(12) < c1-a}-
The following result claims that Cgy g and Cgy, ., are just the permutation of each other. More
precisely, we have

Theorem 3.2. Assume the conditions in Theorem 3.1 holds. Then
T(Cgr,g) = CEgL,y,
where T'(Cgr, g) denotes {T'5 : 8 € Cgr, 5}

Imposing some stronger conditions on the distribution of X and &, we can derive an asymptotic
expansion of the coverage probability of the proposed empirical confidence region. This expansion
also makes it possible to increase the coverage accuracy by a Bartlett correction on the original
empirical confidence region.

A simple computation shows that Cov(Z;) = Cov(X;(V; — X/8)) = 0?EXX' = ¥ > 0.
Define V; = ¥=/2Z;,i=1,2,...,n. Then we have the following result
Theorem 3.3. Assume that Ele|*® + E||X||*® < oo, and the characteristic function () of X;e;
satisfies the Cramér condition sup >, [¢(¢)| < 1, then

aclfozgpfr(clfa)

PlBy € Cprp) =1—a— - +0(n=*?),
where g, is the density function of Xf)_r, and
1 1 1
= —E(V{Vi)? = ZE(V{V,)?
a p—r |2 (Vivi) 3 (Vi'V2)
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Theorem 3.3 implies that the true coverage rate and the nominal coverage rate differs in an order
of O(n~1). Similar arguments as in the proof of Theorem 3.1 in Chen (1993), we can obtain the
following result

Corollary 3.1. Assume the conditions in Theorem 3.3 hold. Then
P(—2logR(f20) < (1 +&/n)xi_o) =1 —a+0(n"?),

where £ is either a or a y/n-consistent estimator of a.

Now let 32, be any +/n-consistent estimate of 32, and let Z; = X’Z(ffl — X'ZBQ”) and 33, = S2,
the sample covariance matrix of Z;, ¢ = 1,2, ..., n, then it is easy to check that

~ 1 1 O SIh—1 5 \2 1 715 —1 77 \3
= (LS4 - ——=> (218,12
a p—7r m i:1( 1'n ) 371(717 1) i?éj( 1 ='n J)

is a y/n-consistent estimator of a. Thus, a Bartlett confidence region of 35 can be defined as

CcEeL,s, = {2+ —21logR(B2) < c1-a(l+a/n)},

and the corresponding Bartlett confidence region of 3 will be

Cperrp ={B=(B1,85) : f1 = Ry (b— RaB2), —2log R(B2) < c1-a(l + a/n)}.

4 Simulation Studies

In this section, we will evaluate the performance of the proposed empirical likelihood procedure
through a simulation study. The comparison will also be made among all the procedures discussed
in the previous sections. The linear model used in the simulation is Y = 3y + $1 X1 + 52 X2 + ¢,
with true parameter values Sy = 1, 51 = 233 and 55 = 1, the restriction imposed on the regression
coefficients is 81 = 2(2. The random design variable X follows standard normal distribution,
while the random error ¢ is chosen to have standard normal distribution and uniform distribution on
[—1,1]. Two sample sizes, n = 100, 200, will be used in the simulation. The empirical coverage
rates based on 500 replications of each simulation will be report to see if the proposed confidence
regions maintain the nominal confidence level 0.95, and a plot will display the volumes of each
confidence regions.

If ¢ follows the standard normal distribution, the coverage rate of the F-Type confidence region
is exactly the nominal confidence level. Table 1 reports the empirical coverage rates from all the
procedures when £ ~ N(0, 1). It is not surprising to notice that the empirical coverage rates from
the F'-Type procedure for both sample sizes are very close to 0.95. The empirical coverage rates
from empirical likelihood and Bartlett corrected empirical likelihood procedures are less than the
nominal level when the sample size is small, but they approach to the nominal level when sample
size gets bigger. Other methods also work well.

The simulation results for ¢ ~ U(—1, 1) are reported in Table 2. One may expect that the F-
Type confidence region have a poor coverage rate. To our surprise, the F-Type confidence region
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Table 1: e ~ N(0,1)

n  F-Type x2Type EL BCEL Boot(data) Boot(residual)

0.930 0922 0.928 0.948 0.932
0.956 0.952

100  0.940
200  0.956 0.950  0.950 0.952

maintains the nominal level very well. Similar for the x2-Type, the empirical likelihood and the
Bartlett corrected empirical likelihood procedures, but the empirical coverage rates seem bigger
than the nominal coverage rate. Both bootstrap procedures work very well.

Table 2: ¢ ~ U(—1,1)

EL BCEL Boot(data) Boot(residual)

n  F-Type x2-Type
100 0.940 0.946 0.948 0.954 0.948 0.946
200  0.956 0.952 0.958  0.960 0.954 0.948

5 Proof of Main Results

For the sake of brevity, Z;(82) will be denoted as Z;.
Proof of Theorem 3.1: A straightforward argument based on Lagrangian multiplier shows that

- 1
R(%) =1 757 .1
i=1 v

and A is uniquely determined by
(5.2)

i _ 4
— n[l 4+ N Z;]
n~'/2). For this purpose, let Z, = >, Zi,

In the following, we would like to argue that A = O, (
Z* = maxi<i<n || Zi||, and A = pf with p > 0, ||0|| = 1. Here || - || denotes the Euclidean norm of

a vector. Fro_m (5.1), we have
1, — " 7,70
=0y e 9’ 4= I Yl i
) If we denote V,, = n=' Y% | Z!Z;, then from 0 <

where V,, = n~! 2?21 ZIZ: /(1 + p@’ZZ
14 p0'Z; <1+ pmaxi<i<n || Z;||, we have

n Z/Z /Y7
(L+p0'Z:) | 0 < pf'Vb[1 + p max || Zi]]

/ / 1 - !/ / 1
V.0 = ,E 7' 7. - ,E _fin
POVl = pf <ni - ! Z) 0=p <ni p8' Z;

=07 — pb'V,0, (5.3)
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By (5.3), we have pf'V,,0 < 6'Z,[1 + p], and
pl0'V0 — 60’ Z, max || Z;||] < &' Z
1<i<n
Denote 777 and 7,,_, are the largest and the smallest eigenvalues of Cov(Z), and

—R; 'Ry
I

S =E(XX'), B=

Note that ¥ > 0, rank(B) = p — r, so Cov(Z) = 0?B'%B > 0, therefore, n; > 1,_, > 0. Law
of large numbers implies that 7,_, + 0,(1) < 8'V,,60 < 11 + 0,(1). Central limit theorem implies
that v/nZ,, = N(0,Cov(Z)). The finiteness of E||Z||? implies that max;<;<y, | Zi|| = 0,(n'/?).
It follows that

POV + 0,(1)] = Op(n_1/2)

and p = O, (n~"'/2). This also implies

Jnax 1p0' Z;) < p max. ||Z | = 0p(n"Y%)0,(n'/?) = 0,(1). (5.4)
Note that
1 — , NZ;ZI\
0= vz - ZZ R G35
()\’Z) Zi
— 7. — VA W Zi) 4i
YnAt o ; 1T NZ;

Note that E|e|? < oo, E[|X]|? < oo implies
L5 o a3 1/2
=~ IXi(Yi = XiBo) P = op(n'7?),
i=1

the third term is bounded by

||A||2X:IIX Yi = XiB)IP[L+ N Xi(Y; = X[B2)] ™ = Op(n)op(n/?)0p(1) = 0 (n~"/2).

=1

Therefore, we have
A=V, 17, +06,, (5.6)

and §,, = op (n=1/2). By (5.4), we have the following Taylor expansion

1
log[l4+NZ;] = NZ; — 5(A’Zi)2 + 1
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where, for some ¢ > 0, P(|p;| < ||V Z;||?,1 <i <n)— 1asn — oco. From (5.6), we can write

—2log R(B2) = —2log H nw; = 2 Z log[1 + )\ Z;]

i=1 i=1

n
=20\ Zy, —nNVaA+2) i

i=1

=2V, 2+ 60) Zy — [V 2 + 0, Vi [V Z + 6] +2ZMZ

i=1

=nZ V1 Z, —ndl V.6, +2Z/~LZ

Central limit theorem and Slutsky theorem imply that nZ,V,~1Z,, = Xf,fr in distribution, and
the fact &,, = 0, (n~'/2) implies that nd!,V,; 18, = 0,(1). Also

Zm

Finally, we obtain —2log R(f2) = Xp—'r" O

= CZIAZ > <l AP ZIIZ I+ max [|Zi]] = Op(n “3)0p(n)oy(n''?) = 0y(1).

Proof of Theorem 3.2: For any § € Cgr, g, let v = T3, we will show that v € C, 1, (7).

Note that 5; = Rfl(b — Ryf33), equivalently, R3 = b, so RT'T3 = Qv = b, which is
equivalent to v; = Q7 (b — Q272).

Let

cop [~QU@)  p_ [-Ri'R

I I

It is easily seen that C' and B are full rank, that is, rank(C) = rank(B) = p — r. Now suppose [2
satisfies —2log R(B2) < ¢1_q. Then there exists a A such that

1
7210gR(/82) = 7210gH 1+ )\/Z QIOgH W < Cl_q-

and A is a solution to the following equation

n

n Zl B/Xzfi
— =0 <= =0.
Z n[l+ NZ,] ; [l + (BN Xz1]

Since C and B are full rank, so for the above ), there exist a vector 7 and a matrix G such that
C1 = B), and C = BG. For such a 7 and GG, we have

" W; - C'X,e; " G'B'X;e;
;n[l—i—r’Wi Zz: n[l + (C1)' X&) ;nl—i— B\ X;e4]
z”: BXel

(BN Xiei]
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and

n n

1 1

—2log R =21 ||7:—21 Ili
og R(72) 0og u 1+ 7w, Ogi:1 1+ (C1) Xse;

1
=21 —_—

i=1

= —2logR(32) < ¢1—q-

Therefore, we have shown that v € Cy, 1o (7) or TCp 10 (8) C Cp1—a(7)-

Using similar arguments, we can also show that TC), 1 () D Cyp,1—a(7). This completes the

proof. ]

Proof of Theorem 3.3: Note that Cov(X;(Y; — X!38)) = 0?EXX' =% > 0,and V; = X~/2Z,,
we have E(V;) = 0 and Cov(V;) = I. Itis easy to see that

R(B2) = max{ﬁwivi : iini =0,w; > O,iwi = 1} .
i=1 i=1 i=1

Denote V;; the j-th component of V;. Under the moment condition in the theorem, we have the
following Taylor expansion for —2log R(32),

—2log R(B2) = ATAT — ATk AT AR 4 <§5ﬂ“ + gAj“ — zaﬂ'kmAlm> AT AR A!
+(ajkqalmq o %@jklm)AjAkAlAm +AleklAjAk <i>0p(,r717k‘>/2)7

where

Here we use the convention that terms with repeated super indices are to be summed over. We
further denote R = Ry + R2 + Rs3, the j-th components of Ry, Rs and R3 are defined as

. 1 1_.
Rij= A, Ryj=—sAj Al 4 caltmabam,

and

3 1 m ok S5 m Ak O _klm 41
jo _ éAJmAkmAk + gAjkmAkAl _ EdJk'rnAlmAkAl _ E@klmAijkAl

_i_édjkqdlmLIA'mAk'Al _ E@jk‘lmAmAkAl
9 4 ’

respectively. Then we can show that R; = O,(n"7/2), j = 1,2, 3, and
—2log R(B2) = —(v/nR)'(vVnR) + Op(n~"/?).

Applying Theorem 20.6 of Bhattacharya and Rao (1976) and Theorem 3.2, Remarks 3.3 and 3.4 of
Skovgaard (1981), and using a similar argument as in the proof of Theorem 2.1 of Chen (1993), we
can develop an Edgeworth expansion for the distribution function of y/n R, which in turn enables us
to obtain the probability statement in Theorem 3.3. (]
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